. The results show that nuclear motion, ionization probability and system dimensionality must be simultaneously taken into account to properly explain the isotopic effects on high-order harmonic generation and to justify experimental observations.
I. INTRODUCTION
High-order harmonic generation (HHG) is one of the phenomena observed in the interaction of intense laser pulses with atoms and molecules [1, 2] . A three-step model for the description of the HHG mechanism has been proposed by Corkum [3] and extended by Lowenstein et al. [4] . In the first step of this mechanism, an electron wavepacket tunnels from an atom or a molecule into the continuum. In the second step, the electron moves away from the ion core, and after the field reverses, it is driven back to it. The third step arises when the electron recombines with its parent ion in which a high energetic photon is emitted. This model can be used in tunnelling regime which predicts maximum recollision energy of 3.17U p , where U p = I/4ω 2 , is the pondermotive energy in which I and ω are laser intensity and angular frequency, respectively. Based on the three-step model, for each harmonic order smaller than the cutoff harmonic order, we have two trajectories that contribute to the HHG with the same kinetic energy. These two trajectories return to their parent ion at different times. In one cycle of laser pulse, the electrons released over time interval 0.3T 0 < t < 0.5T 0 (T 0 = 2π/ω 0 , with ω 0 being laser frequency), return to the core during 0.5T 0 < t < 0.95T 0 . The trajectories travelled by these electrons are called short trajectories. While the electrons released over the 0.25T 0 < t < 0.3T 0 , return to the core during 0.95T 0 < t < 1.25T 0 , and their path are called long trajectories because of longer round trip times than those of the short trajectories. The HHG is used to generate attosecond laser pulses [5, 6] and to get structural information [7] [8] [9] [10] [11] .
Here, we focus on the HHG reported for the H + 2 , H 2 and their corresponding isotopomers. The HHG pro- * m.vafaee@modares.ac.ir cess in molecules is more complex than that in atoms because of nuclear motion [12] , two-center interference [13] and different orientations of molecule with respect to the laser field [13] . Effects of different initial vibrational states [14, 15] , initial nuclear velocities [16] and relation between electronic wavepacket expansion and internuclear distance on the HHG produced by H + 2 [17] have been reported. In addition, extraction of nuclear dynamics from HHG spectra [18] , effect of nuclear motion on the HHG efficiency by varying pump-probe time delay [19] , on the broadening of cutoff regime [20] , on the length of generated attosecond laser pulses [21] and on the generation of isolated attosencond laser pulses for H + 2 have been investigated [22, 23] . The HHG for H 2 and D 2 with higher yield for heavier isotopomer has been theoretically [12] and experimentally [8, [24] [25] . In most theoretical works mentioned above, electron and nuclei are considered quantum mechanically in a one-dimensional (1D) model. The fulldimensional electron wavepacket expansion during laser interaction and its consequent HHG cannot be described properly by a one dimensional model [17] .
In the present work, we are interested in the effect of the motion of nuclei on the HHG spectra by considering different isotopomers. As stated above, the theoretical results on the HHG yield on 1D H 2 ) with electron cylindrical coordinate (z, ρ) with respect to the molecular center of mass and internuclear distance R, for both z and R parallel to the laser polarization direction, can be read (after elimination of the center-of-mass motion) as [26] [27] 
In this equation,Ĥ is the total electronic and nuclear Hamiltonian which is given by
with
In these equations, E 0 is the laser peak amplitude, m e and m N are the masses of electron and single nuclei, ω angular frequency and f (t) is the laser pulse envelope which is considered to have Gaussian form as
in which τ is a measure of the laser pulse duration (full width at half maximum (FWHM)) which is set to 3 femtosecond (∼ 124 a.u.). The shape of the electric field of the laser pulse used in this work is shown in Fig. 1 . The TDSE is solved using unitary split-operator methods [28] [29] with 11-point finite difference scheme through a general nonlinear coordinate transformation for both electronic and nuclear coordinates which is described in more details in our previous works [30] [31] [32] . The grid points for z, ρ, and R coordinates are 300, 83, and 210, respectively. The finest grid size values in this adaptive grid schemes are 0.13, 0.1, and 0.025, respectively for z, ρ, and R coordinates. The grids extend up to z max = 34, ρ max = 25, and R max = 16. Only for I=1×10 15 W/cm 2 intensity, the z grid points is set to 500 and z max = 98. The size of the simulation boxes is considered large enough so that the loss of norm at the end of laser pulse does not exceed a few percent. The HHG spectra are calculated as square of the windowed Fourier transform of dipole acceleration a z (t) in the electric field direction (z) as
where
is the Hanning filter and T is the total pulse duration which is set to 4 optical cycles (one optical cycle of 800 nm wavelength equals 2.6 fs). The time dependence of harmonics is obtained by Morlet-wavelet transform of dipole acceleration a z (t) via [33] [34] 
We tried different σ values and obtained the best timefrequency resolution by σ = 2π which is used in this work. Results of the calculations with and without BornOppenheimer (fixed-nuclei) approximation are denoted by BO and NBO, respectively.
III. RESULTS AND DISCUSSION
The HHG spectra of H Harmonic order low harmonics, the HHG yield is higher for H + 2 than the other two isotopomers and H + 2 (BO) (right panels of Fig.  2 ), but for harmonic orders greater than ∼ 25, the HHG yield is higher for H + 2 (BO), and for NBO cases, the difference between the HHG yield of lighter and heavier isotopomers increases as the harmonic order increases. Such behaviours have already been observed in recent experiments. The higher HHG yield for H + 2 than D + 2 for some low harmonic orders is observed in experiments on H 2 and D 2 at 1300 nm wavelength [25] . Higher HHG yield for D + 2 than for H + 2 at higher harmonic orders is also reported in experiments on H 2 and D 2 at 800 and 1300 nm wavelengths [8, [24] [25] .
As shown in Fig. 2 , for the intensities used in our calculations, the cutoff occurs at harmonic orders smaller than that predicted by the three-step model [4] . The cutoff harmonic order N c , according to the three-step model, for H + 2 , with ionization potential I p = 1.1 a.u., under 800 nm wavelength (ω l = 0.057 a.u.) and different intensities are given in TABLE I. The plateau region is wider for heavier isotopomers and the NBO cutoff approaches the BO cutoff as the isotopomer becomes heavier. For harmonic orders between 13-25 ( Fig. 2) , everywhere H + 2 spectrum has valley (peak), the X + 2 spectrum has peak (valley), and also as isotopomer becomes heavier, spectra modulation approaches to the corresponding and H + 2 (BO). To justify the above observations, we study ionization probability, nuclear motion and compare these fulldimensional results with those reported for 1D models [22, 23] . First, the time-dependent contribution of ground state population in the evolving wavepacket for the four laser pulses with different intensities are calculated and demonstrated in Fig. 3 positive role in the HHG enhancement for all harmonics because the more released electron results in more return of the released electron to the core giving rise to the HHG. Therefore, the higher ionization can justify higher HHG yield observed for H + 2 than those observed for other isotopomers at low harmonic orders.
To demonstrate better the effects of nuclear motion on the HHG spectra, the Morlet-wavelet Fourier transform of the HHG spectra of Fig. 2 for BO and NBO cases, and the time-dependent average internuclear distance for NBO cases are derived and depicted in Figs. 4 and 5, respectively. Each row of Fig. 4 is related to a specific (labelled) intensity. For all intensities in Fig. 4 , the three peaks are observed around 1.75, 2.25 and 2.75 optical cycles (o.c.) which, based on the threestep model, correspond to electron trajectories released at 1.325-1.5, 1.775-2 and 2.225-2.5 o.c., respectively. The very weak peak around 1.75 o.c., which is only present for I=4 and 5 ×10 14 W/cm 2 intensities with BO, is related to the short trajectories born during 1.325-1.5 o.c. which is suppressed when NBO is considered as a result of nuclear wavefunction spreading that is justified in Ref. [23] . For the weak peak around 2.75 o.c., we see almost both short and long trajectories which are limited to low harmonic orders not of importance in this work. The strong peak around 2.25 o.c. is the most important peak which is extended to high harmonic orders and we concentrate on it. Note that for harmonic orders greater than ∼ 30, this peak is only responsible for differences seen and stated for Fig. 2 . The birth and return times of this peak are between 1.775-2.675 o.c. in which the electric field has two strong minimum (at 1.775 o.c.) and maximum (at 2.225 o.c.). The electric field strength should be high enough to ionize and accelerate the electron, and to return the released electrons to the core with higher energy. It can be said that for most panels in Fig. 4 , the short-trajectory branch dominantly contribute to the peak around 2.25 o.c., and the weak long-trajectory branch is seen only for H + 2 (BO) at I=7 ×10 14 W/cm 2 intensity.
As shown in Fig. 5 , the internuclear distance is increased more for the lighter isotopomer H (Fig. 2) , suggest that nuclear motion is responsible for these observations. Note that electronic structures of different isotopomers used in this work are similar and therefore the difference between their HHG spectra can be attributed to their nuclear motion only. It should, however, be mentioned that ionization rate of these isotopomers are different and we showed that H + 2 has higher ionization than other (Fig. 3) . Now, we consider nuclear motion for harmonic orders greater than 25. As stated before, there is only one peak around 2.25 o.c which is mainly related to the short trajectories that contribute to the HHG for high harmonic orders. As it can be deduced from Fig. 4 by looking at short-trajectory peaks, higher harmonic orders are produced at longer times (the time between the birth and recollision of the ionized electron increases as harmonic order increases) which is vice versa for long trajectories [33] . The HHG attenuation of H + 2 compared to those of heavier isotopomers and H + 2 (BO) can be related to more increase in the internuclear distance for lighter isotopomer (Fig. 5) . The difference between the HHG yield of H + 2 and those of other isotopomers is increased with the increase of the harmonic order because higher harmonic orders are produced at longer times when there is a larger internuclear distance for lighter isotopomer, giving rise thus to attenuation of the HHG.
For all intensities in Fig. 4 , the HHG produced in the long trajectory is very weak compared to that of the short trajectory. For low intensities, I=4 and 5 ×10 14 W/cm 2 , long trajectory is completely suppressed for both BO and NBO cases. As shown in Fig 4, the longtrajectory attenuation is more obvious for NBO than for BO, and for lightest isotopomer is more distinct because of faster and larger nuclear motion. The long-trajectory suppression in NBO has already been observed for the 1D electronic NBO calculations on H + 2 [23] . Nevertheless, the 1D BO results for which short and long trajectories have similar HHG strengths [23] , are not in agreement with the long-trajectory suppression observed with full-dimensional electronic BO calculations carried out in this work. This difference is because of the drift induced in the laser propagation direction, which can not happen in 1D models, and thus reduces the recollision of electrons in different trajectories into their parent ions.
As stated before, for both NBO and BO cases, the cutoff position is lower than that obtained by the three-step model and 1D NBO calculations [22] . Two reasons can be considered here. First, taking into account electron in full dimension causes electron with large return time to lose its chance to recollide with its parent ion (the electron drifts in the propagation direction). Second, nuclear motion also leads to the suppression of the harmonics near the cutoff. Since the short trajectories have higher contributions to the HHG spectra, especially near the cutoff, and for these trajectories, higher harmonics are produced at longer times, and at longer times, the nuclei are more displaced away from their equilibrium positions, the role of nuclear motion in attenuating the HHG spectra is increased with increasing harmonic order. This can also be deduced when the NBO cutoff approaches the BO cutoff as the isotopomer becomes heavier (Fig. 2) .
For most harmonics (except for the first few low harmonic orders), the HHG is more intense for heavier isotopomers, which is in agreement with experimental re- ports [8, [24] [25] and is in contrast to the results predicted by the 1D electronic NBO calculation, that is the lighter isotopomer produces higher HHG yield over the whole spectrum [22] . Feng et al. explained their results based on the ionization probabilities which is valid only for 1D NBO calculations [22] . Based on the full-dimensional electronic NBO calculations carried out in this work, it can be stated that more ionization occurs for lighter isotopomers which is responsible for higher HHG yield at low harmonic orders. In 1D electronic model, the recollision is overestimated compared to that in the real fulldimensional calculations. The recollision-recombination occurrence is suppressed for full-dimensional electronic NBO cases because of drift induced in the laser propagation direction and the increase of internuclear distance.
IV. CONCLUSION
We solved numerically time-dependent Schrödinger equation for H [8, [24] [25] . While, our results show that when nuclear motion is taken into account, higher HHG yield is obtained for heavier isotopomer which is compatible with experimental reports [8, [24] [25] . The 1D electronic NBO calculations overestimate the recollision-recombination effect relative to full-dimensional electronic NBO calculations, especially at longer return times of the released electron corresponding to increased internuclear distance, which is detrimental to the recollision-recombination phenomenon, and thus attenuates the HHG production.
